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Introduction

T HE wake-vortex system trailing an aircraft is a major fac-
tor in airport operations, from both safety and capacity

perspectives.1;2 The wake of a conventional aircraft begins as a set
of multiple vortices,3 eventuallymerging to become a single pair of
counter-rotatingvortices. We model the near wake by two symmet-
ric pairs of corotating vortices produced by a wing with a single,
symmetric � ap.4;5 In addition to providing an example of the near-
wake merger, this problemis important for effortsaimed at reducing
the wake-vortex hazard during takeoffs and landings. For example,
perturbations introduced at the wing to excite instabilities in the
downstreamsinglevortexpair must survive the multiple-vortexnear
wake.

Employing a linear stability analysis similar to that of Crow,6

Jimenez7 has found that a pair of equal-strength corotating vor-
tices is stable to long-wavelengthdisplacementperturbations.Klein
et al.,8 in an analysis that includes some nonlinear effects, did not
� nd instabilitiesfor a corotatingpair. Crouch9 presentedan analysis
of instabilities produced in a wake consisting of two pairs of coro-
tating vortices, a con� guration much like that of the present study.
In addition to the Crow6 instability,Crouch9 found new instabilities
with similar growth rates.However, these instabilitiesassumeda pe-
riodic, orbital backgroundstate, which makes it dif� cult to compare
to the present case in which the vortices merge in about one orbit.

In the tow tank measurements of Refs. 4 and 5, nearly parallel
corotating tip and � ap vortices were observed to merge within one
orbit, even for vortices beyond the critical two-dimensionalmerger
separation distance. Evidence of vortex stretching was seen in the
particle-induced velocimetry (PIV) data. These results suggested
that three-dimensionaleffects were likely playing an important role
in the � ow, despite the lack of direct observations.The current study
partially � lls this gap with � ow-visualizationexperiments and PIV
measurements. In addition, the circulation-based Reynolds num-
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bers Re0 for the present study have been increased by an order of
magnitude.

Setup
The wake vortices were produced behind wings towed in a tank,

which measures 70 m in length by 2.4 m in width by 1.5 m in water
depth. Wings were formed by rolling sheet metal to a 17-cm-radius
circular camber and tapering the leading and trailing edges. The
wings’ span is b D 40 cm, and the chord c D 6:7 cm. Four planforms
were used, consistingof single, symmetric � aps of depth2.2 cm and
span widths 67, 50, 33, and 0% (un� apped). Two types of wings
were used, differing in their respective thicknessof 2.0 and 3.2 mm.
The thicker wings had internal channels to allow for the injection
of dye into the vortices. We refer to the two wing types as solid and
channeled, respectively.The angle of attack of the wing, ®, was set
at either 3 or 4 deg. The towing speed U varied from 1 to 6 m/s.

The vortices were made visible by releasing � uorescent dye
through small tubes at the tip and � ap edges of the channeledwing.
The low-pressure cores of the vortices were able to draw in a suf-
� cient amount of dye. Blue light, covering the absorption peak of
the dye, was used to illuminate the test section volume, covering a
region of about 4 £ 2 £ 2:5 m3. Flow images were captured by � ve
video cameras. In particular, orthogonal side and top views were
taken to make wavelength measurements off the dye streaks. The
dye remained concentratedalong thin lines until just before merger,
at which point it dispersed, leaving an ill-de� ned cloud. We use a
right-handedcoordinatessystem (x , y, z) attachedto the wing: the x
axis points into the wake, and the z axis is in the direction of the lift
vector. Subscripts f and t refer to � ap and tip vortices, respectively.
Further details may be found in Refs. 10 and 11.

Results
As was done for similar wings in Refs. 4 and 5, we chose the

Lamb–Oseen (Gaussian) vorticity distribution to model the sub-
sequent vortices; !z(r ) D (00=¼¾ 2) exp(¡r 2=¾ 2/, where 00 is the
circulation and r is the radial distance from the vorticity centroid
Y D (Y , Z ). Individually determined � ap and tip vortex sizes, ¾ f

and ¾t , ranged between 0.047b and 0.052b; hence, we take, for all
� ows, ¾ D ¾ f D ¾t ¼ 0:05b D 2 cm.

Figure 1 shows isovorticity surfaces for each of the four wing
con� gurations, towed at ® D 3 deg and U D 5 m/s. The streamwise
direction is in time converted,which may be converted to equivalent
downstream distance as x D Ut . The physical aspect ratio of Fig. 1
is, thus, quite large; locally, the vortices are nearly parallel. The
vorticity level is chosen to correspond to that found at a radius of
1.33¾ of a Gaussianvorticitydistribution� tted to the tipvortices.All
vortex pairs complete approximately one orbit before they merge,
as was seen in previous studies.4;5 As was pointed out in Ref. 4,
the orbital time and the characteristic time for the straining � eld
both scale as d2= 0, where d is the separation between the two and
0 is the total vortex circulation for the pair. The rotation rate of
pairs increases in time as they spiral inward, which is apparent as
an increase in the helix pitch.

Figure 2 shows an exampleof thebehaviorof a vortexpair.As was
observedby Chen et al.,4 the centroid maintains a relativelystraight
verticalpath (Fig. 2a) as the pair spiral aroundthe common centroid,
inward toward merger (Fig. 2b). The vector R.t/ D [R.t/; µ.t/] con-
necting the centroids of the vortices (� ap-to-tip) is shown in Fig. 2b
and plotted in Fig. 2c. The angular velocity of the separation vec-
tor is nearly constant at 2.3 rad/s before the vortices merge. The
separation of the two vortices R.t/ does not linearly decrease with
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a) b)

Fig. 1 Isovorticity surfaces for the wakes of four solid wings, ® = 3 deg and U = 5 m/s: a) from below with the wing � ying overhead and b) side view.

a) b) c)

Fig. 2 Vortex trajectories, ¡f + ¡t = 1390 cm2 /s, ¡t/¡f = 0.84, d = 10 cm, and merger at 2.6 s, or at 0.9¿ : a) laboratory reference frame, b) with respect
to centroid of the pair, and c) separation vector R = (R, µ).

time, but wavers before they merge. The initial increase is due to
the rollup of the vortices, whereas the � rst “hump” (from t D 0 to
1.3 s) is consistentwith the ideal behaviorof a four-vortexsystem, in
which the � ap vortices initially descend rapidly due to the in� uence
of the opposite pair. Because of these � uctuations, the geometric
separation between the tip and � ap edges of the wing is used as
a representative tip–� ap distance d. For the 33, 50, and 67% � ap
wings, d is, thus, 13.3, 10.0, and 6.7 cm, respectively.

Merger was de� ned to occur once the vortex centroids came
within 1¾ . As was done by Chen et al.,4 the merger times are
measured in terms of the orbital period ¿ D 4¼ 2d2=.0 f C 0t ). For
example, for the 50% � ap vortex pair of Fig. 2, ¿ D 2:84 s, giving
an orbital angular velocity of 2¼=¿ D 2:21 rad/s, which is in good
agreement with the slope of Fig. 2c. The merger time for this pair is
0.9¿ . Merger consistentlyoccurs in about one orbit period for all of

the speeds and angles of attack studied here. Although the merger
times for the 67% wings were somewhat less than one orbit, this
case was somewhat exceptionalbecause the vorticesbegan merging
nearly from the moment they were formed.

The mergerbehaviorcannotbe explainedfroma two-dimensional
perspective.The separationof the vortices in terms of the core sizes
for the 33 and 50% cases are larger than those that would allow for
merger in one orbit in a two-dimensional dimensional case,12 even
accounting for the particularvortex size, distribution,and Reynolds
numbers studiedhere.10 This alone would lead us to suspect that the
merger was a three-dimensional process, but in fact direct signa-
tures of three-dimensionalbehavior has been seen in the PIV data.4

The evidence of this was in strong � uctuations in the moments
of vorticity, which should have been conserved if the � ow were
truly two-dimensional. However, the PIV data are unable to show
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a) b)

Fig. 3 Flow visualization:a) obliqueview of wake of 50% � ap wing, 0¡24 Ut/b and b) overhead view of one-half of wake of 33% � ap wing, 0¡48 Ut/b.

explicitly the precise three-dimensionalform of these interactions.
These became evident with the volumetric � ow visualizations.

Figure 3 shows two sample � ow visualization sequences for the
50 and 33% � ap wings. Figure 3a shows several pictures from a
submergedcamera lookingdown the length of the tank and offset to
one side. As the vortices complete one orbit, a sinuous disturbance
appearson the � ap vortex and to a lesser extenton the tip vortex.The
dye then disperses as the vortices merge. In Fig. 3b, a disturbance
again appears on the � ap vortex and to a minor extent on the tip
vortex. The disturbance � rst appears near the three-quarter orbit
point and grows until the two merge.

The wavelength ¸, amplitude, and orientationof the disturbances
were estimated using the orthogonal video images. Wavelengths
were found from the average distance between the peaks of the
disturbances. The component of the amplitudes in each of the two
projectionswas found from the mean displacementof the peaks and
troughs. The disturbance was found to lie roughly in a plane, as
veri� ed in the nonorthogonal views. The angle of the plane of the
disturbance was determined by taking the arctangent of the ratio
of the vertical projection of the amplitude with the horizontal one.
These measurements were made manually using digitized versions
of the images, thus, requiring some judgment as to the positions of
the peaks and troughs. In many images, such as those in Fig. 3b,
the peaks and troughs of the disturbance were clearly identi� able.
They were not so clear in other cases, such as when one vortex
occluded another or when the amplitude of the disturbance was
small. The measured dimensionless wave numbers, k¾ D 2¼¾=¸,
of the disturbance for the 33 and 50% � ap wing con� gurations
are 1.0 and 1.3, respectively. Data are not accessible for the 67%
� ap wing, although this case also displayed a sinuous disturbance.
However, becausethe vorticeswere in the processof mergingnearly
from the moment they � rst appeared,the dye did not entrain sharply,
resulting in a somewhat clouded picture.

The three-dimensionalappearanceof the disturbancesoccurredin
every run justbeforemerger.Thesedisturbancesprovidea means for
vortices to mergedespite their relativelylarge separation.As the dis-
turbance grows in magnitude, the vortices are periodically brought
together in close proximity, initiating regions of strong interactions
between the two. At a large enough amplitude, these regions may

comewithin the critical separationfor two-dimensionalmerger,pro-
viding a strong means for the two vortices to link. However, this
simple view misses other possible effects, in particular the mecha-
nisms by which the two vortices begin to link before merger. Such
interactionsare dif� cult to discern from the action of a passive dye.

The disturbancesgrow at an angle of roughly45 deg with respect
to the tip vortex. This is consistent with growth driven by the strain
� eld from the tip vortex. As illustrated by Widnall et al.13 for the
case of an equal-strength, oppositely rotating pair, such a velocity
� eld produces a straining � eld with an extensional axis at 45 deg
with respect to the line joining the two vortices.Planar perturbations
can then grow in this straining � eld. However, such perturbations
will also tend to self-induce and rotate about the vortex. Instability
occurs if the self-inducedrotationof the perturbationis weaker than
the peak azimuthal component of the straining � eld. For a Rankine
vortex, Widnall et al. show how this can occur not only for a sim-
ple perturbation in vortex position, but also for one with a radial
node, in which the interior and exterior of the vortex move in op-
posite directions. This is analogous to the “elliptic instability” of
solid-body rotation in a straining � eld. The self-rotation of such a
mode vanishes at a wave number of approximately2.5 vortex radii,
which allows for maximum growth of the perturbationalong the ex-
tensional axis of the straining � eld. This wave number corresponds
to a wavelength of 2.5 vortex radii, earning the name short-wave
instability because it is much shorter than that of the classic Crow6

instability arising from displacement perturbations. For Gaussian
vortices, Eloy and Le Dizes14 have demonstrated the elliptic mode
in a straining � eld to be most unstable at a wavelength of 2.26¾ .

For the corotating vortices studied here, the situation is some-
what different because the unperturbed state of such a pair is not
to descend downward, but to rotate about a common centroid. The
implications of this are investigated in Ref 10. The general result is
that a corotatingpair is stable to displacementperturbations,which
is consistent with the results of Jimenez7 and Klein et al.8 How-
ever, such a pair can still be destabilizedby an elliptic perturbation,
although at somewhat longer wavelengths than for the nonrotating
case of Eloy and Le Dizes.14 For the 33 and 50% cases studied in the
� ow visualizationhere, the wave numbersof maximum linear insta-
bility are found in Ref. 10 to occur at 1.9¾ and 1.7¾ , respectively.
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These numbers are within a factor of two of those observed here.
Given the experimental uncertainties of the parameters used in the
calculations, and the simplicity of the model used (a single pair
of parallel, Gaussian vortices), this approximate agreement is en-
couraging. Higher resolution PIV data could directly con� rm or
deny the presence of the elliptic mode in these vortices, by show-
ing if the core and the periphery were displaced relative to each
other. An elliptic instability was in fact demonstrated this way by
Leweke and Williamson15 for an equal-strength counter-rotating
pair at Re0 ¼ 3 £ 103.

Conclusions
Corotating tip–� ap vortex pairs are studied at Re0 of order 105.

The evolutionof thevelocity� eldat a � xedcrosssection is recorded,
yielding measures of the circulation ratio, separation, and vortex
size. The pair is observed to merge within about one orbital period.
Flow visualization clearly shows the three-dimensional nature of
this process, with the appearance of strong sinuous disturbances
on the weaker � ap vortex, and to a lesser extent on the tip vortex.
The wave number of this disturbance and its alignment with the
extensionalaxis of the straining� eld from the partnervortexsuggest
it to be an example of an elliptical instability.For such an instability
driven by the straining � eld of the partner vortex, the growth rate
scalesas the inverseof the squareof thevortexseparation,1=d2. This
growth rate matches the scaling of the orbit period, thus, yielding
� nite amplitudes within one orbit. This provides an explanationfor
the observed merger in about one orbit, even for vortices spaced too
far apart to merge in two dimensions.

Acknowledgments
R. L. Bristol and J. M. Ortega acknowledge the support of the

National Science Foundation Graduate Fellowship program during
the course of this research.

References
1Donaldson, C., and Bilanin, A., “Vortex Wakes of Conventional Air-

craft,” AGARDograph 204, edited by R. H. Korkegi, May 1975.
2Rossow, V. J., “Lift-Generated Vortex Wakes of Subsonic Transport

Aircraft,” Progress in Aerospace Sciences, Vol. 35, No. 6, 1999, pp. 507–
660.

3Ciffone, D., and Lonzo, C., “Flow Visualization of Vortex Interactions in
Multiple Vortex Wakes Behind Aircraft,” NASA TM X-62, 459, June 1975.

4Chen, A. L., Jacob, J. D., and Savaş, Ö., “Dynamics of Corotating Vor-
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Introduction

A PHYSICAL model for turbulent boundary-layer separation
was proposed by Sandborn and Kline,1 as a transition region

from unseparatedto separated� ow. Correlationswere developedto
indicate the onset of intermittentand zero-meansurfaceshear stress,
N¿w D 0 separations, in terms of the velocity pro� le shape factor H
and the ratio of displacement to boundary-layerthickness±¤=±. The
intermittent separation location was taken as the point where the
adverse effects associated with � ow separation are present and vis-
cous constraints are no longer important. It is the location most
researchers identify by � ow visualization as turbulent separation,
and the point most often predicted by analytical studies. Sandborn
and Liu2 demonstrated that the N¿w D 0 separation was equivalent to
laminar boundary-layerseparations.

The presentNote demonstrates that the separationcorrelationsof
Sandborn and Kline can be recast in terms of the Reynolds number
instead of the less well-de� ned boundary-layer thickness.

Separation Correlations
Figure 1 shows the curves obtained when the Sandborn–Kline

correlations are recast in terms of Rµ . Extrapolated values of form
factor and Reynolds number were determined for each set of data
points where they crossed the original Sandborn–Kline correlation
curves. (See Sandborn and Kline1 for references to the experimen-
tal data.) Most of the variation of H with Rµ occurs for values of
Rµ less than 2 £ 104 . For values of Rµ greater than 2 £ 104, the
variation of H is quite small (H ¼ 2:5 C 0:2 for intermittent separa-
tion and H ¼ 3:8 C 0:1 for N¿w D 0/. The N¿w D 0 curve was reported
previously.3

The compressible � ow values (local Mach number »0:33 and
0.59) of H and Rµ shown on Fig. 1 are the incompressible trans-
formed values (untailed) and the direct, mass � ow values (tailed).
The compressiblemeasurementswere made in a 10 £ 15 cm, cross-
section facility at the NASA Ames Research Center (see Sandborn
and Seegmiller4 for detailsof the basic facility).Details of the tunnel
setup for the measurements in the 61 £ 61 cm tunnel were given by
Sandborn.5

Whereas the separationtransitionprocessbeginswith the � rst ap-
pearance of back� ow, the cross-hatched region on Fig. 1 indicates
the area where the major adverse problems associated with separa-
tion are present. The cross-hatched region corresponds to that part
of the � ow where the mean � ow quantitiesovershadowthe Reynolds
turbulent terms.2

The fourth-powerpolynomial(computer � tting), shown in Fig. 1,
was employed to estimate the value of the skin-friction coef� cient
for intermittent separation. Computed values of c f at the location
of intermittent separation are shown on Fig. 2.

To demonstrate the affect of Reynolds number on separation,
a set of measurements were made in a small 8:9 £ 16:5 cm inlet
duct. The duct was expanded to 25.4 cm (±=R ¼ 0:02) to produce
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